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We study soliton pulse compression in materials with cascaded quadratic nonlinearities and show that the
group-velocity mismatch creates two different temporally nonlocal regimes. They correspond to what is
known as the stationary and nonstationary regimes. The theory accurately predicts the transition to the

stationary regime, where highly efficient pulse compression is possible. © 2007 Optical Society of America
OCIS codes: 320.5520, 320.7110, 190.5530, 190.2620, 190.4400.

Efficient soliton pulse compression is possible using
second-harmonic generation (SHG) in the limit of
large phase mismatch, because a Kerr-like nonlinear
phase shift is induced on the fundamental wave
(FW). Large negative phase shifts can be created,
since the phase mismatch determines the sign and
magnitude of the effective cubic nonlinearity. This in-
duced self-defocusing nonlinearity thus creates a
negative linear chirp through an effective self-phase
modulation (SPM) term, and the pulse can therefore
be compressed with normal dispersion. Beam fila-
mentation and other problems normally encountered
due to self-focusing in cubic media are therefore
avoided. This self-defocusing soliton compressor can
create high-energy few-cycle fs pulses in bulk mate-
rials with no power limit [1-4]. However, the group-
velocity mismatch (GVM) between the FW and sec-
ond harmonic (SH) limits the pulse quality and
compression ratio. Especially very short input pulses
(<100 fs) give asymmetric compressed pulses and
pulse splitting occurs [4,5]. In this case, the system is
in the nonstationary regime, and conversely when
GVM effects can be neglected it is in the stationary
regime [3-5]. Until now, the stationary regime was
argued to be when the characteristic GVM length is 4
times longer than the SHG coherence length [1],
while a more accurate perturbative description
showed that the FW has a GVM-induced Raman-like
term [4,5], which must be small for the system to be
in the stationary regime [4]. However, no precise defi-
nition of the transition between the regimes exists.
On the other hand, the concept of nonlocality pro-
vides accurate predictions of quadratic spatial soli-
tons [6,7] and many other physical systems (see [8]
for a review). Here we introduce the concept of non-
locality to the temporal regime and soliton pulse com-
pression in quadratic nonlinear materials. As we
shall show, GVM, the phase mismatch, and the SH
group-velocity dispersion (GVD) all play a key role in
defining the nonlocal behavior of the system. Two dif-
ferent nonlocal response functions appear naturally,
one with a localized amplitude—representing the
stationary regime—and one with a purely oscillatory
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amplitude—representing the nonstationary regime.
In the presence of GVM they are asymmetric and
thus give rise to a Raman effect on the compressed
pulse.

In the theoretical analysis we may neglect diffrac-
tion, higher-order dispersion, cubic Raman terms,
and self-steepening to get the SHG propagation equa-
tions for the FW (w;) and SH (wy=2w,) fields E; 4(z,?)
[3,91:

. 1,2 * iA
(L&Z - Ek(]. )latt)El + KlElEzeL ka

+P1E1(|E1|2+ 7I|E2|2)=0, (1)
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+ PzE2(|E2|2 + 77|E1|2) =0, (2)

where we used 7=2/3 for type I SHG [3]. Here, «;
=wideg/cnj, deg is the effective quadratic nonlinear-
ity, p;= wnKgerr /¢, and nge.;=3Re(x®)/8n; is the cu-
bic (Kerr) nonlinear refractive index. The phase mis-
match is Ak=ky—2k,, with kj=njwj/c. n; is the
refractive index, and k(") Ikl &w"|w o accounts for
dispersion. The time coordlnate moves with the FW
group Velo<:1ty Vg 1= I/k1 , giving the GVM term d,
In dimensionless form, r=¢/T,, where T,
is the l%‘W input pulse duratlon é=z/Ly;, where
Lp,=T;/ |k(2)| is the FW dispersion length, and U;
=E /&, Uy= E2/\n50, where &,=E(0,0) and n
=ny/ny. Equations (1) and (2) become [3]

(idg = D10,,) Uy + ABNsagU; Use

+NI2{errU1(|U1|2+ 77ﬁ|U2|2) = (3)
(l&f - léaT - DQ&TT) U2 + \/A_BNSHGU%Q_iAﬁg
+2°Ngery Un([U? + i YU D =0, (4)

with 8=d,To/ k7], Dj=(k{?)/2 k], and AB=ARLp ;.
The scaling convemently glves the SHG soliton num-
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ber [3,4], Niug=Lp Sqwida/(c®ninyAk), and the
Kerr soliton number, N%{err=LD,1nKerr’1€%w1/ c.
In the cascading limit AB>>1 the nonlocal ap-
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79K, U? is slow compared with R,, so
[id; = D10..]U; - (Nipg ~ Nier) U1 U3
= iNgueTr,suclU1/*0.U1, (12)

proach takes Uy(¢,7)=¢do()exp(-iABE), keeping its
time dependence but neglecting the dependence on &
of ¢y. To do this the coherence length L.y, =m/|Ak]|
must be the shortest characteristic length scale in
the system, which is true in all cascaded compression
experiments. Discarding the Kerr terms in Eq. (4) be-

cause Nz, U, < JABNgna, we get an ordinary differ-

ential equation, Dy¢y+idps—ABpe= JABN, sucUZ,
with the formal solution
Ngne

po(7) = - NP d7R(7)U(r=7).  (5)

According to the sign of the parameter s;
=sgn(AB/Dy— 8/4D3), R, or R_ must be used:

U
R_,,(T) — e—ls2T/Tze—\T|/Tl, (6)
27‘1 9
S
R (7)= e 27 2gin(|7/ 1), 7
() o2 in(|7l/m) (7)

where syo=sgn(Dy/8) and [~ d7R,(7)=1. Both re-
sponse functions have an asymmetric imaginary part
due to GVM, causing a Raman effect. Moreover, R, is
localized in amplitude (corresponding to the station-
ary regime), while R_ is purely oscillating in ampli-
tude (corresponding to the nonstationary regime).
The nonlocal dimensionless temporal scales are

m=|AB/Dy - 7712, 1y =2|Dy/d). (8)

On dimensional form #;=7T,=|2Ak/E -£52712, t,
=1 To=|k?/d1s|, and R.=R.,/T,, which all are inde-
pendent of T,. The transition between the stationary
and nonstationary regimes occurs when s; changes
sign, which in dimensional units implies that

d%Q < 2Akk(22), stationary regime, R,, 9)

d?,> 2AkEY), nonstationary regime, R._,
(10)

The transition is independent of T, but depends on
the GVM, the SH GVD, and the phase mismatch.
This central result is important wherever cascaded
quadratic nonlinear phase shifts are used. It should
be compared with the qualitative arguments of [1],
where the stationary regime was Ak <4m|dq5|/T).

Now, inserting Eq. (5) into (3) gives a dimension-
less generalized Schridinger equation

[iag_Dl(?ﬂ']Ul "']Vlzierr[]l|l'jl|2
~Ngoli [ arRV =120, )

In the weakly nonlocal limit of the stationary regime

where [* dtR,(¢)=1 was used. The dimensionless
characteristic time of the nonlocal Raman response is

Tr suc ~ 4757 ~ 2|d
TO a 7'% + ’T% a AkTO )

TR,SHG = (13)

Exactly this result has been derived before by pertur-
bative methods [3-5]; that method therefore amounts
to being in the weakly nonlocal limit of the stationary
regime. Clearly, both Egs. (11) and (12) have terms
reminiscent of the nonlinear Schriédinger equation
with a purely cubic nonlinearity [10]; the GVM-
induced nonlocality is similar to the Raman terms
from a delayed cubic response.

From Eqs. (9) and (11) clean soliton compression
requires, first, being in the stationary regime, i.e.,
Ak > Aky=d?,/2k?. Second, soliton compression re-

quires Neg=\Nggg—Nge,>1 [3]. This can be ex-
pressed as Ak <Ak =Ak, . /(1+Ng,), where
Ak, max= o d2/ NKerr,1CM1N2. To remove the depen-
dence on the FW input pulse intensity and duration
it is convenient to require Ak <Ak .., which is a
necessary requirement for N 4> 1. Thus, we obtain a
compression window:

Ak < Ak < Ak s (14)

In Fig. 1(a) we show the compression window for a
B-barium-borate (BBO) crystal (see [3] for BBO ma-
terial parameter details). Notice that the window
closes for A\; <750 nm. Opening the compression win-
dow here requires a material with a stronger qua-
dratic nonlinearity, or alternatively a strong disper-
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Fig. 1. (a) Compression window Eq. (14) versus A\; in a
BBO. Also Akgy=4m|d;s|/Ty of [1] for a 100fs pulse is
shown. (b) #; o and Ty spg versus Ak for \;=1064 nm.
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sion control, as offered by photonic crystal fibers [11].
At \{=800 nm the window is narrow. In fact, the com-
pression experiments done at 800 nm [1,2] were both
in the nonstationary regime, and were both unable to
observe compression to few-cycle pulses. Choosing
\1=1064 nm, Fig. 1(b) shows the nonlocal time scales
versus Ak. At the transition to the nonstationary re-
gime, t; diverges while ¢, remains low.

Let us illustrate the two regimes. Figures 2(a) and
2(b) show two numerical simulations of soliton com-
pression of a 100 fs pulse at A\{=1064 nm in a BBO
(the full coupled equations of [3] are solved). In Fig.
2(a) Ak=50 mm~'. Our nonlocal theory predicts Ak,
=36.0 mm™!, so this is in the stationary regime. In-
deed, a symmetric compressed 6 fs pulse is observed.
Instead, changing to the nonstationary regime, Ak
=30mm™" in Fig. 2(b), the pulse at z=z,, (optimal
compression point) is very asymmetric and strong
pulse splitting occurs. Note, the definition in [1] pre-
dicts this simulation to be in the stationary regime.
The nonlocal response functions are shown in Figs.
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Fig. 2. Numerical simulations of soliton compression of a
100 fs sech pulse in BBO for A;=1064 nm and N4=5.3. The
normalized FW intensity at z,, is shown for (a) Ak
=50 mm™! (stationary regime) and (b) Ak=30 mm~! (non-
stationary regime). The response functions R,/T, and
dwn, Ty induced by cascaded SPM for (a) and (b) are shown
in (c), (e) and (d), (f), respectively.
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2(c) and 2(d); while the nonlocal time scales are
clearly quite similar for both examples, the different
shapes of the response functions imply a very differ-
ent impact on the pulse dynamics. This can be under-
stood by using Eq. (11) to calculate the chirp dwyy, in-
duced by SPM from the cascaded SHG process of a
sech input pulse (calculations as in [10], Chap. 4).
Figures 2(e) and 2(f) show dwyy, for z=Lgyg (Where
N§HGELD,1/LSHG [3]). In the stationary case, Fig.
2(e), SPM induces a linear negative chirp on the cen-
tral part of the pulse because R, is localized, except
for very short pulses, Ty~ ¢, where R, becomes non-
local. In the nonstationary case, Fig. 2(f), SPM in-
duces a linear chirp only for long pulses >30 fs, while
shorter pulses also have strong chirp induced in the
wings because of the oscillatory character of R_; this
explains the trailing pulse train in Fig. 2(b). Thus,
the nonstationary response can be nonlocal even for
Ty>ty5. Note in Fig. 2(b) very short pulses (T
~t19) are positively chirped in the central part
(equivalent to a chirp induced by a self-focusing non-
linearity), making few-cycle compressed pulses im-
possible in the nonstationary case.

To conclude, we showed that GVM induces asym-
metric nonlocal Raman responses that accurately ex-
plain the stationary and nonstationary regimes in
cascaded quadratic soliton compressors. The nature
of the response functions and their degree of nonlo-
cality relative to the input pulse length is vital for the
resulting compression. The theory offers new insight
into the physics of this soliton compressor.

M. Bache was supported by Danish Natural Sci-
ence Research Council Grant 21-04-0506.
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