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Optimization of the soliton self-frequency shift
in a tapered photonic crystal fiber
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Soliton propagation is modeled in a tapered photonic crystal fiber for various taper profiles with the purpose of
optimizing the soliton self-frequency shift (SSFS) in such geometries. An optimal degree of tapering is found to
exist for tapers with an axially uniform waist. In the case of axially nonuniform waists, an additional enhance-
ment of the SSFS is achieved by varying the taper waist diameter along its length in a carefully designed
fashion in order to present an optimal level of group-velocity dispersion to the soliton at each point, thus avoid-
ing the spectral recoil due to the emission of dispersive waves. In doing so, the increased nonlinearity and
dispersion engineering afforded by the reduction of the core size are exploited while circumventing the limi-
tation imposed on the soliton redshift by the associated shortening of the red zero-dispersion wavelength.
© 2009 Optical Society of America
OCIS codes: 060.4370, 060.5530.
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. INTRODUCTION
he soliton self-frequency shift (SSFS) is the phenomenon
hereby the central frequency of a solitary optical pulse
ndergoes a redshift while propagating in an optical fiber
ecause of the inelastic, nonlinear scattering of its pho-
ons off the molecular lattice of the glass. Since its discov-
ry [1], the SSFS has been exploited as a means of obtain-
ng a source of short, wavelength-tunable pulses [2,3].
wing to the inherent nonlinearity of the process, the

ate of the SSFS is enhanced by increasing the energy
ensity of the pulse. Thus, in order to maximize the light
onfinement, many of the demonstrations of the SSFS in
he past decade have involved guiding structures with
ransverse dimensions on the scale of a few micrometers,
ealized either as the core of an index guiding photonic
rystal fiber or through the tapering of otherwise weakly
onlinear fibers [4]. Of course, one may also taper already
ighly nonlinear photonic crystal fiber both to increase
urther the transverse confinement of the light and to en-
ineer the dispersion toward a particular purpose [5]. In-
eed, tapering is useful in this latter respect and has been
sed as a means of obtaining anomalous dispersion, a re-
uirement for the existence of bright solitons [6], over a
avelength range where a fiber would otherwise be nor-
ally dispersive [7]. Thus, longitudinal confinement of

he light may be maintained through the balancing of
anomalously) dispersive pulse broadening by the nonlin-
ar phase shift resulting from the Kerr effect. The tapers
tilized in this way typically consist of a waist of uniform
iameter connected to the untapered fiber by a transition
egion at both ends [7,8].

The spectral regions of anomalous dispersion are
ounded by two zero-dispersion wavelengths (ZDWs) on
0740-3224/09/112064-8/$15.00 © 2
he short (first) and long (second) wavelength sides. When
he SSFS leads to a soliton’s reaching the second ZDW, a
ancellation of its redshift occurs, along with strong, reso-
ant emission of low-amplitude waves (dispersive waves,
Ws) in the normally dispersive region at longer wave-

engths [9,10]. Thus, in effect, the position of the second
DW marks the upper limit of the spectral region over
hich the soliton may redshift. This fact has been ex-
loited as a means for limiting the final wavelength of a
edshifting pulse at a fixed value independent of the input
ower [11]. The tapering of a fiber can lead to a shift of
he ZDWs to shorter wavelengths, and so, while enhanc-
ng the SSFS rate through tighter confinement of the
ight, tapering may also retard this process by reducing
he maximum redshift obtainable. With wide tunability
eing one of the most attractive aspects of sources exploit-
ng the SSFS, any limit placed on the range of attainable
avelengths detracts from the effectiveness of such a

ource. Ideally, one would like to take advantage of the re-
uced fiber lengths required for a given redshift afforded
y the increased shift rate in a tapered fiber, while avoid-
ng the compromise implied by the shorter second ZDW.

e show that, in a taper with a uniform waist diameter,
n optimal degree of tapering exists beyond which the ad-
antages of further increasing the nonlinearity are no
onger realized owing to the behavior of the fiber disper-
ion.

Tapers with an axially nonuniform waist have recently
een proposed for the enhancement of several nonlinear
rocesses; in particular, the trapping and blueshift of
Ws by a soliton [12] and the generation of a coherent
roadband continuum in the mid-infrared [13]. Both of
hese proposals employ the SSFS along with the longitu-
009 Optical Society of America
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inally varying dispersion of the tapered fiber as key in-
redients. Here we investigate a method of designing an
ptimal taper waist diameter profile that enhances the
SFS rate while mitigating the limitation imposed by the
econd ZDW. In Fig. 1 we illustrate schematically how
his enhancement is achieved. The shift rate in the uni-
ormly tapered fiber [Fig. 1(b)] is higher than that in the
ntapered fiber [Fig. 1(a)] mainly because of the in-
reased nonlinearity, but the redshift and energy ulti-
ately achieved by the soliton in the taper is compro-
ised by the shorter second ZDW in the waist. In the

aper [Fig. 1(c)] with the variable diameter waist the shift
ate is enhanced as in the uniform waist taper [Fig. 1(b)],
ut the progressive increase of the second ZDW at a care-
ully determined rate removes the associated limitation
n the redshift attainable while simultaneously maintain-
ng the group-velocity dispersion (GVD) at the soliton fre-
uency at a level which maximizes the longitudinal con-
nement of the light but minimizes the emission of DWs.
In exploring the effects of the tapering we consider a

ingle soliton in an idealized scenario in that it possesses
specific initial energy and carrier frequency. In practice,
pulse undergoing SSFS may be obtained from the fis-

ion of a larger input pulse [14]. Solitary waves resulting
rom such a process may manifest with extremely narrow
ulse widths �10 fs. We assume in what follows that our
oliton is of this origin and that it is sufficiently well iso-
ated both temporally and spectrally that it may be con-
idered independently. After reviewing the basic theory of
he SSFS in Section 2, we show in Section 3, through a
eries of simulations, that an optimal diameter scaling ex-
sts for a uniform waist taper, and then we explore how
rogressively broadening the waist diameter of the taper
t the appropriate rate can lead to an increased redshift
ver that obtained with a standard taper profile.

. THEORY OF THE SSFS
onlinear pulse propagation in a single-mode, nonuni-

orm optical fiber in the absence of loss may be modeled
y using the generalized nonlinear Schrödinger equation
generalized NSE) [15],

ig. 1. (Color online) Schematic illustration of the effects of tap
arity and high dispersion lead to a low rate of redshift. (b) Taperi
onlinearity but is accompanied by a shortening of the second Z
ilitates the emission of low-amplitude waves in the normally d
iameter of the taper is varied such that the soliton experiences
izes the loss of energy to DWs, the soliton may achieve a redsh
�zA�z,T� = i �
m�2

im�m�z��T
m

m!
A�z,T� + i �

m�0

im�m�z��T
m

m!
A�z,T�

�� G�T − T���A�z,T���2dT�. �1�

he pulse amplitude is scaled such that �A�2 represents
he averaged z-directed pulse power in Watts at delay T
nd location z along the fiber. This leads to the nonlinear
arameter taking the form

��z,�� =
�n���n2���

cneff
2 �z,��Aeff�z,��

, �2�

here n is the material refractive index, n2 is the mate-
ial nonlinear index, neff and Aeff are the effective index
nd area of the fiber mode, respectively, and c is the
acuum speed of light. The nonlinear response function,
f dimension inverse time, is of the form

G�T� = ��T� +
2fR

3�1 − fR�
gR�T�, �3�

ith fR�1 determining the relative magnitude of the de-
ayed nuclear response to the instantaneous electronic
ontribution. The former is included through gR, which
as its integral over all time equal to unity. This function

s related to the Raman gain as 	R=2 Im�g̃R�, where the
ilde denotes a Fourier transform. The slightly unconven-
ional form in Eq. (3) is used for convenience, since the
eal part of the nuclear response may not be considered
nstantaneous for the short pulse widths considered here;
n other words, the nuclear response does not contribute
o the nonlinearity associated with the ideal soliton solu-
ions. Thus, the value of n2 used in Eq. (2) pertains only to
he nonlinearity of electronic origin. Finally, the terms �m
nd �m in Eq. (1) represent the mth derivative with re-
pect to � of � and �, respectively, evaluated at the refer-
nce frequency �0.

A distilled form of the generalized NSE, including only
he first terms in the summations in Eq. (1) with fR=0, is
he NSE,

n the SSFS. (a) In the untapered fiber the relatively low nonlin-
fiber to a uniform waist enhances the shift rate through a higher
he soliton reaches a point where the dispersion in the taper fa-
ive region with a resultant halt of the redshift. (c) If the waist
ximum possible nonlinearity and a level of dispersion that mini-
ve that realized in cases (a) and (b).
ering o
ng the
DW. T
ispers

the ma
ift abo
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�zA�z,T� = − i
�2�T

2

2
A�z,T� + i�0A�z,T��A�z,T��2, �4�

hich, if �2�0, includes the fundamental soliton among
ts solutions,

A�z,T� = � ��2�

Ts
2�0

�1/2

sech� T

Ts
�exp�i

��2�

2Ts
2z� , �5�

here Ts is the characteristic pulse width. As a result of
he form of Eq. (3), the form of Eq. (5) with a varying cen-
er wavelength remains an approximate solution to Eq.
1) when fR�0, for the femtosecond pulse widths consid-
red here. If the more conventional form of the response is
sed, the soliton solution requires rescaling. If we assume
hat the energy E of the soliton is given, along with ��2�
nd �0, we may express the pulse width as

Ts =
2��2�

�0E
. �6�

The theory of the SSFS based upon the NSE with fR
0 and the assumption of an ideal, fundamental soliton

16] shows the evolution of the center frequency �̄ to pro-
eed according to

d�̄

dz
= −

��2��̄��

Ts
3��̄�

R��̄�, �7�

here

�̄ =
� ��Ã����2d�

� �Ã����2d�

. �8�

he function R is defined through

R =� 	R���C���
d�

2

, �9�

here

C��� =
fR

1 − fR


2Ts
4

6

�3

sinh2�
Ts�/2�
�10�
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(a)

ig. 2. (a) Raman gain spectrum 	R for bulk silica overlaid with
atter curves are equal. As indicated, the vertical axis scale cor
rawn with broken lines, referring to the convolution function, h
, and R ; the values of R at the example pulse widths used in
s l
s the convolution function, so called because it arises
rom convolution integrals involving the pulse spectrum.
he area under each half of this antisymmetric curve,
iven by the expression �0

�C���d� / �2
�, is a constant and
s independent of the pulse width. Both R and the (dimen-
ionless) Raman gain spectrum for silica are displayed in
ig. 2, with the latter overlaid with three examples of the

unction C for different values of Ts. Two approximations
o R discussed below are also shown. Our definitions dif-
er slightly from those in [16] in order that R also be di-
ensionless, and the Raman gain spectrum is obtained

rom [17].
For pulses of duration �80 fs the gain spectrum is ap-

roximately linear in the region where C is nonzero and
ay be approximated by

	R��� 	 ���	R��=0�, �11�

nd R becomes

R 	 Rl =
fR

1 − fR


�5���4�

3
4Ts
, �12�

here 
 and � represent the usual special functions. It is
rom this approximation that the familiar 1/Ts

4 depen-
ence of the shift rate arises [16]. The maximum overlap
etween the gain and convolution functions occurs for
s
18 fs, and for shorter pulses this is reduced. If the
ondition Ts�2/ �
��R� is satisfied, where ��R is the
haracteristic width of the Raman gain spectrum, we may
rite

C��� 	
fR

1 − fR

2Ts
2�

3
, �13�

hich leads to

R 	 Rs =
fR

1 − fR

2Ts
2

3 � 	R����
d�

2

. �14�

n this case the shift rate is proportional to Ts
−1 [18]. Also,

ccording to this simplified theory, the rate of the SSFS
pproaches a finite value at the ZDWs despite the fact
hat Ts→0. Of course, in the vicinity of such points the
ole of higher-order dispersion becomes important, and
he assumption of an ideal soliton is inappropriate.
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The dependence of R on �̄ in Eq. (7) arises through al-
owing the central frequency of the soliton to vary in Eq.
6) to obtain

Ts��̄� =
2��2��̄��

���̄�E��̄�
, �15�

hich is then inserted into Eq. (10). Changes to the pulse
nergy in a uniform fiber as a result of the frequency de-
endence of � may be included, following Voronin and
heltikov [19], through

E��̄� 	
E0���̄�

�0
, �16�

here E0 is the pulse energy at �̄=�0. This is an expres-
ion of the conservation law derived from Eq. (1) with z
ndependent parameters,

�z� �Ã�z,���2

����

d�

2

= 0, �17�

hich allows for energy loss due to the dissipative nature
f the causal nuclear response. In a nonuniform fiber Eq.
17) is replaced by

�z� �Ã�z,���2

��z,��

d�

2

+� �Ã�z,���2

��z,��
�z ln���z,��� = 0, �18�

hich follows directly from Eq. (1). The presence of the
econd term on the right-hand side ensures that there is
o change in the pulse energy due to the nonuniformity of
he fiber. From Eq. (18) we may obtain, for an ideal soli-
on, the approximation

E��̄� 	
E0��z0,�̄�

�0�z0�
. �19�

hus the pulse energy is dependent only on the nonlinear
oefficient of the initial fiber at z=z0 and is independent of
ariations in the fiber, except indirectly through the be-
avior of �̄.
As an example we use the NL-15-670 fiber from Crystal

ibre. The properties of its fundamental mode are calcu-
ated from the SEM image provided on the manufactur-
r’s Website [20] by using the COMSOL package. In Fig. 3
e show the effect of uniformly tapering this example fi-
er on the values of �2 and �, as well as the SSFS rate for
soliton of fixed initial energy and carrier frequency, as-

uming that the tapering process corresponds to a simple
caling of the fiber diameter. It is observed that a reduced
ore size always leads to an increased SSFS rate over the
ange of wavelengths considered. By noting the crossings
f the various dispersion curves, however, this is not an
bvious result, and follows from the explicit form of Eq.
7). In other words, for the case considered here, the in-
reased lateral confinement resulting from the tapering of
he fiber plays the dominant role in determining the effect
f this process on the rate of redshift of the soliton, and
his rate therefore generally decreases with increasing
avelength. However, close to the second ZDW, the adia-
atic temporal compression of the soliton due to the de-
reasing absolute GVD may override the effect of the non-
inearity, leading to an increase in the shift rate toward
onger wavelengths. This effect may be clearly observed
or the scaling ratios of 1.0 and 0.8 in Fig. 3(d). The spec-
ral width of the soliton and the level of higher-order dis-
ersion will ultimately determine to what degree this en-
ancement can be realized in a more accurate pulse
ropagation model.
The enhancement of the shift rate due to the reduced

ore diameter is accompanied by a reduction in the extent
f the region of anomalous dispersion, as well as a short-
ning of the ZDWs. Not only are the bright soliton solu-
ions employed above based on the assumption of anoma-
ous dispersion, but a soliton impinging on a point of zero
ispersion sheds energy in the form of resonant, normally
Ws, and the redshift of the soliton is halted by the re-

ultant spectral recoil [10]. The enhancement of the SSFS
n a uniform waist taper is therefore limited if the scaling
f the waist is such that the soliton reaches the second
DW before the end of the taper. There then exists the
ossibility of varying the waist diameter along the length
f the taper such that, as the soliton approaches the
onger of the ZDWs due to the SSFS, the region of anoma-
ous dispersion is extended to allow the pulse to continue
o redshift. In this way, a modest enhancement of the
SFS rate over that in an untapered fiber can be achieved
hile avoiding the limitation to the redshift arising in a

aper with a constant waist diameter (cf. Fig. 1).

. NUMERICAL MODELING
. General Method
e have simulated pulse propagation in a number of sce-

arios by numerically solving Eq. (1) using the split-step
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ig. 3. (a) GVD and (b) the nonlinear parameter for the NL-15-
70 fiber from Crystal Fibre, using an assumed value of n2
1.81�10−20 m2/W [22] for a range of fiber diameters. Also
hown is (c) the pulse width and (d) a representation of the SSFS
ate, calculated with Eqs. (15) and (7), respectively, for an initial
oliton of energy E0=100 pJ at �0=2
c /�0=850 nm. In each
anel results are shown for three ratios of the tapered to the un-
apered fiber diameter: 1.0 (solid curves), 0.8 (dashed) and 0.6
dotted–dashed). The dotted vertical lines indicate the long-
avelength edge of the anomalous dispersion region for the three
iameter scalings.
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ourier method [6] with a local error threshold of 10−5

21]. The simulations were carried out on a frequency do-
ain spanning 
900 THz, centred on �0=850 nm dis-

retized into 217 bins. This implies a temporal window of
idth 
150 ps. We include higher-order dispersion terms
p to �15 and retain up to �2 in the expansion of the non-

inear coefficient. For the material parameters of bulk
ilica we use n2=1.81�10−20 m2/W [22] and fR=0.18 [23].
n each case an initial pulse corresponding to an ideal
undamental soliton of specified initial energy E0 centered
t �0 was propagated over 1 m of the fiber described in
ig. 3 for a particular diameter profile. The merit of a spe-
ific taper profile is taken to lie in the wavelength �s of the
oliton attained at the end of the fiber, along with the ra-
io of the final pulse energy lying in the anomalous dis-
ersion region Ea to the total final energy Ef (i.e., includ-
ng any resonantly emitted DWs); �s is taken to be the
ocation of the peak in this truncated spectral region.

In order to concentrate on the propagation effects in the
aper waist we launch a soliton directly into this part of
he fiber; that is, we do not consider pulse propagation in
he transition regions connecting the taper waist to the
ntapered fiber. The soliton is assumed to adapt adiabati-
ally to the transition in fiber parameters, which has been
onfirmed numerically for a transition length of a few cen-
imeters, and the variation of the contribution to the total
edshift in these regions for different waist scalings is ig-
ored.
We also compare the dynamics of the full theory, em-

odied in Eq. (1), with the redshift predicted by Eq. (7).
he simplified theory described in Section 2 is expected to
erform well where the emission of DWs is avoided and
he ideal soliton solution remains an accurate approxima-
ion to the true form of the pulse. Solution of the idealised
roblem is significantly less numerically intensive than
mplementing the full generalized NSE, and so can pro-
ide a more convenient method for studying the SSFS in
apered fibers.

. Tapers with an Axially Uniform Waist
n Fig. 4 we show results from several full simulations
i.e., solving Eq. (1)] of a soliton with E0=100 pJ propa-
ating in a uniform taper waist for various diameter scal-
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ig. 4. Left axes, final �s (circles) and the second ZDW in the
aist (dashed line). Right axes, Ea /Ef (diamonds). The data

hown relate to the propagation of an initial soliton with E0
100 pJ along a 1 m taper waist for various uniform diameter
calings, simulated by using Eq. (1). The simulations correspond-
ng to the data points lying between the vertical dotted lines are
epicted in more detail in Fig. 5.
ngs. The final wavelength achieved by the soliton is ob-
erved to increase with the decreasing core size until the
roximity of the soliton to the second ZDW before the end
f the taper waist is such that significant emission of DWs
ccurs. This latter process is indicated by the fall in the
raction of the total final pulse energy lying in the anoma-
ous dispersion region at the end of the waist. The red-
hift of the soliton is thus reduced because of a reduction
n its energy and the effect of the spectral recoil. As the
econd ZDW is reduced and the redshift rate increased by
urther reduction in the waist diameter, the final wave-
ength of the soliton is limited to values below those
chievable in tapers of lower nonlinearity, with a respec-
ive increase in losses to DWs due to the soliton spending
larger fraction of the taper length impinging upon the

ormal dispersion region. Thus, for the initial soliton and
he waist length used here, there is an optimal waist scal-
ng 
0.68 at which the SSFS is maximized. The curve
raced out by the points in Fig. 5 corresponding to the fi-
al soliton wavelengths is relatively flat around the opti-
al scaling point. From an experimental point of view, ob-

aining this optimum may thus be somewhat difficult,
lthough it may also be viewed as an advantage in that
mall errors in the actual scaling factor are not expected
o have a significant effect on the maximum wavelength
chievable. We do, however, note the marked changes in
he final fraction of the total energy in the anomalous dis-
ersion region across this range of diameter scalings
here the final soliton wavelength does not change appre-

iably. In any case, the most important fact is clear;
amely, that a continued reduction of the waist diameter
elow the optimal scaling leads to a reduction in the final
avelength and energy associated with the soliton.
The spectral evolution of the pulses corresponding to

he data points lying between the vertical dotted lines in
ig. 4 are illustrated in Fig. 5, along with the dynamics in

he untapered fiber. The enhancement of the SSFS in the
apered fibers over that in the untapered case can be
learly seen, along with the resonant growth of DWs in
he tapers with the two lowest diameter ratios. It may

ig. 5. (Color online) Spectral evolution of an initial ideal fun-
amental soliton with E0=100 pJ for three uniform scalings of
he the fiber waist diameter relative to the untapered fiber: (a)
.00, (b) 0.69, (c) 0.68, and (d) 0.67. The white dashed lines indi-
ate the position of the second ZDW in each case, while the black
ashed curves show the evolution of the soliton center frequency
redicted by Eq. (7).
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lso be observed that, near the point of optimal scaling, it
equires only a small fractional change in the waist diam-
ter �
0.01% �, and consequently in the ZDW, to provoke
marked variation in the spectral evolution.
Also shown in Fig. 5 is the evolution of the soliton cen-

er wavelength as predicted by Eq. (7). As expected, the
implified theory performs well for scalings of 1.00 and
.69, where the emission of DWs is negligible, but incor-
ectly predicts the attianment and traversal of the ZDW
y the soliton in the remaining two cases where DW emis-
ion is strong and the soliton redshift is subsequently can-
elled at a wavelength below this point. Furthermore, the
ispersion-enhanced shift rate predicted by the simplified
heory on approach to the ZDW for the scalings of 0.67
nd 0.68 is not bourne out in the full simulations because
f the spectral width of the soliton being such that the
edshift cancellation by DW emission halts the SSFS be-
ore this enhancement may take effect.

. Tapers with an Axially Nonuniform Waist
he purpose of the tapers with a varying waist diameter
roposed here is to provide the maximum nonlinearity
ossible at the instantaneous soliton center frequency
hile avoiding the emission of DWs. Since the amplitude
f the DWs emitted is proportional to the spectral ampli-
ude of the soliton at the radiation frequency [24], one
ould, from a design point of view, aim to keep this quan-
ity at or below some threshold value along the length of
he taper; this is the approach we pursue here. The spec-
ral amplitude at the resonant frequency for DWs trans-
ates to a dimensionless spectral shift ��=��Ts, where
� is the difference between the soliton center frequency
nd the resonant frequency. To lowest order we have ��
3��2� / ��3�, and, from Eq. (15), our threshold condition be-
omes

6��2��̄��2

���̄�E��̄���3��̄��
� ��min, �20�

here ��min represents the minimum spectral offset.
ince the left-hand side of the expression above is ex-
ected to be most sensitive to the GVD near the ZDWs, we
pproximate the condition expressed in Eq. (20) by re-
uiring that

��2��̄�� � ��2�min, �21�

here ��2�min is the minimum GVD tolerated at �̄. We find
he implementation of this last condition to be sufficient
or our purposes. Thus, we design a taper with a longitu-
inally varying waist diameter by requiring that the soli-
on, once it has entered the waist region, maintains a
evel of GVD at its central frequency that is at or below a
hreshold value. In this sense, the taper profile is de-
igned dynamically as the soliton propagates.

The spectral dynamics of an initial ideal soliton for
hich E0=100 pJ are shown in Figs. 6(a)–6(c) for three
ptimized, axially nonuniform tapers with different GVD
hreshold values. After a short initial uniform length of
aist the soliton reaches the threshold GVD, and the
aist begins to widen, as indicated by the increasing
DW. Since the rate at which the second ZDW increases,

nd therefore the rate of uptapering, is directly linked to a
he rate of redshift of the soliton, the rate of widening of
he waist slows with propagation distance as the soliton
oves to spectral regions of lower nonlinearity and loses

nergy owing to the inelastic scattering process.
In comparing the pulse propagation for the three GVD

hresholds of −50, −60, and −70 ps2/km, the most notable
ifference is the level of DW emission. For the highest ab-
olute threshold value of ��2�min=70 ps2/km there is no
bservable emission of DWs on the scale displayed in Fig.
, and the soliton attains a final peak wavelength of �s
1.283 �m with a ZDW at the termination of the waist
egion of �ZD=1.387 �m. Reduction of the threshold to
�2�min=60 ps2/km leads to the generation of a small DW
eature (of peak value �−10 dB), an increased final soli-
on wavelength of �s=1.306 �m, and a final ZDW of �ZD
1.392 �m. The increased redshift follows from the soli-

on’s experiencing a higher shift rate due to a closer prox-
mity to the second ZDW [cf. Fig. 3(d)]. Further reduction
f the threshold to ��2�min=50 ps2/km sees significant gen-
ration of low-amplitude DWs due to the increased over-
ap of the soliton spectrum with the resonant normal dis-
ersion region. Thus, despite the lower dispersion
xperienced by the soliton contributing to an increase in
he energy density as a result of temporal pulse compres-
ion, the energy transfer from the soliton to DWs reduces
he shift rate, and the soliton achieves a lower final wave-
ength of �s=1.295 �m. We also note that discussion of
he relative fractions of the final pulse energy in the nor-
al and anomalous dispersion regions does not necessar-

ly lead to a good indication of the merit of a taper in the
xially nonuniform case, since much of the energy ini-
ially emitted as normally DWs can lie in the anomalous
ispersion regime at the end of the waist as in Figs. 6(b)
nd 6(c).
As a testament to the enhancement of the SSFS rate in

he optimized, axially nonuniform tapers over those with

ig. 6. (Color online) Spectral evolution of an initial ideal fun-
amental soliton with E0=100 pJ for tapers with axially nonuni-
orm waists designed with a minimum waist scaling of 0.60 and a
VD threshold of (a) −70, (b) −60, and (c) −50 ps2/km. Also

hown (d) is the spectral evolution of a soliton with E0=110 pJ
ropagating in the taper from (a). The white dashed curves indi-
ate the position of the second ZDW in each case, while in (a)–(c)
he black dashed curve shows the evolution of the soliton center
requency predicted by Eq. (7).
uniform waist, the maximum wavelength achieved in
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he simulations shown herewithin is 60 nm higher in the
onuniform geometry. In comparing simulations where
he resonant emission of DWs is negligible, the nonuni-
orm tapers possess a higher average nonlinearity than
heir uniform counterparts. It is this property, in a
lightly simplified reasoning, that leads to the relative en-
ancement of the SSFS. This simplification is possible be-
ause, for the basic fiber and initial pulse parameters cho-
en here, the bandwidth of the solitons is such that the
ispersion-induced enhancement of the SSFS rate in the
icinity of the second ZDW cannot be effectively exploited
hile simultaneously avoiding strong conversion of pulse
nergy into low-amplitude DWs. Thus, the general en-
ancement of the redshift observed in the optimized
apers is relatively modest. This could be improved with a
hoice of parameters that lead to a soliton spectrum nar-
ow enough to exploit the dispersion-enhanced shift seen
n Fig. 3(d).

The taper profiles presented in Figs. 6(a)–6(c) have
een designed for a soliton of a specific initial energy,
amely, 100 pJ. Increasing the initial pulse energy in the
aper from the first example to 110 pJ [cf. Fig. 6(d)] leads
o 22% of the final pulse energy lying in the normally dis-
ersive regime at the end of the taper, while the final
avelength of the soliton is 42 nm above that reached by

he optimal pulse for which the taper was designed. Ini-
ially, the higher pulse energy leads to an increased red-
hift over the lower-energy pulse. Then, as the soliton en-
ounters the ZDW at the beginning of the waist, it
xperiences a loss of energy to DWs along with an accom-
anying spectral recoil until its energy is matched to the
aper profile and it continues to redshift. In this way the
esonant emission of low-amplitude radiation is used as a
ethod by which the soliton, for which the taper design is

ot ideal, may adapt itself to match the longitudinally
arying dispersion and nonlinearity in the taper waist. A
onsequence of this process is a robustness of the longitu-
inally variable taper design to an input soliton of energy
igher than the ideal value, in that the final wavelength
chieved is not compromised. Of course, if the input en-
rgy of the soliton is lower than the ideal value, the final
avelength is reduced as in a standard taper, or unta-
ered fiber; indeed, it is this behavior that leads to the
unability of the output wavelength. In the same vein, an
ncrease of the initial wavelength of the soliton by 10 nm
n the same taper leads to a final wavelength of �s
1.326 �m, while a reduction of �0 by the same amount
esults in �s=1.244 �m. Thus, one must ensure that the
nput wavelength of the soliton is at or above the design
avelength of the taper in order to obtain any advantage

rom the nonuniform geometry.
A comparison of the full simulations with the simplified

heory is made in Figs. 6(a)–6(c), where the taper profiles
re determined as the pulse propagates. The evolution of
he soliton center frequency predicted by Eq. (7) is a mar-
inal underestimation in the example of Fig. 6(a), while in
ig. 6(b) the small reduction of the soliton energy due to

he DW emission helps to compensate for this error. Fi-
ally, in the example of Fig. 6(c), a larger transference of
nergy from the soliton in the more complete model leads
o the idealized theory predicting a slightly higher red-
hift. Nonetheless, for simulations where the interaction
f the soliton with DWs is weak, the predictions of the
SFS following from the assumption of an ideal funda-
ental soliton adapting adiabatically to the local environ-
ent are generally within 1% of the results arising from

he solution of Eq. (1), even when the simulations involve
taper with an axially varying waist diameter.

. DISCUSSION AND CONCLUSION
he increase of the nonlinearity resulting from the re-
uced core size in a uniformly tapered optical fiber gener-
lly leads to an enhancement of the SSFS. However, if an
rbitrary scaling down of the waist diameter leads to the
oliton reaching the long-wavelength edge of the amoma-
ous dispersion region before the end of the taper, the
SFS can be limited below that achieveable with a larger
ore size.

We have shown in principle that a longitudinal varia-
ion in the waist diameter of a photonic crystal fiber taper
an be designed in such a way that the SSFS is enhanced
ver that possible in a taper with a uniform waist, al-
hough the enhancement in the wavelength shift is only of
he order 
5%. Of course, any particular taper as de-
igned here is optimized for a soliton with a specific en-
rgy and initial frequency. This does not affect the tun-
bility of the final wavelength, however, which may be
chieved as in standard geometries by reducing the initial
ulse energy. An increase in the initial energy leads to a
igher shift rate than that for which the taper was de-
igned, and thus to impingement of the soliton upon the
econd ZDW. Despite the resultant resonant emission,
owever, the pulse continues to redshift as the ZDW
oves to longer wavelengths and the soliton self-

egulates its energy through continued radiation. The en-
anced redshift is also seen to be robust with regard to
mall increases to the input wavelength where a similar
egulation process occurs.

In an actual taper the waist diameter profile, and
herefore the longitudinal variation of the second ZDW, is
fixed property of the fiber to which the soliton responds

s it propagates. In the simulations of the longitudinally
arying tapers performed here, however, the taper profile
s designed during propagation as a response to the spec-
ral motion of the soliton along with the dispersion
hreshold requirement. Actual realization of such a taper
ould be difficult, since, in order that it be effective, the

nput energy and wavelength of the soliton must be well
atched to the design parameters. Furthermore, the per-

ormance of the taper is expected to be sensitive to effects
uch as scattering losses and geometric nonideality aris-
ng in the fabrication process. However, these complica-
ions may be mitigated if the wavelength and energy of
he initial soliton is higher than the ideal values corre-
ponding to the taper design. Finally, the principles dem-
nstrated here make clear some of the subtleties relating
o soliton propagation in tapered optical fibers; specifi-
ally, the existence of an optimal scaling for uniform waist
apers and, in principle, the possibility of dispersion-
nhanced SSFS in the vicinity of the second ZDW.
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