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The Derivation of a Stable Recursion for Multi–Service Models
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Abstract

In this paper we describe an approach that can be

used for constructing numerically stable versions of

recursive algorithms for estimation of performance

measures of multi-rate models that appear in descrip-

tion of common sharing of bandwidth by a number

of connections. The approach is a generalisation for

multi-rate models of the well known recurrence for-

mula for Erlang’s B–formula. At each step of recur-

rence we deal with normalised values of state prob-

abilities used for estimation of main stationary per-

formance measures. This makes it very well suited

for solving problems of dimensioning. In addition to

being numerically stable, the main positive features

of the suggested approach are its simplicity and small

storage and computational requirements.

1 Introduction

Let us consider a single link traffic model, where

the link transmission capacity is represented by

k basic bandwidth units [1]. In the model we
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have one Poissonian flow of demands for connec-

tions with intensity λ which we for simplicity will

name by calls. We suppose that each call uses

one bandwidth unit for the time of connection

having mean value equal to one. To simplify the

description of the model dynamics we suppose

that the duration of connection (service time) is

exponentially distributed with parameter equal

to one, but most of the obtained results are valid

for general service time distributions.

Let i(t) be number of calls being served at time

t. The dynamics of the model is described by

a Markov process r(t) having one component

r(t) = i(t). The process r(t) takes values in the

finite set of states S = {0, 1, . . . , k} defined in ac-

cordance with link capacity. Let us by P (i) de-

note the unnormalised values of stationary prob-

abilities of r(t). After normalisation, the value

P (i) denotes the mean portion of time when ex-

actly i connections are established or i band-

width units are occupied. From the system of

state equations follows:

P (i) =
λ

i
P (i − 1), i = 1, 2, . . . , k . (1)

Together with normalising condition the rela-

tions (1) gives the famous Erlang–B loss formula

for estimation of the mean proportion of time
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when all k bandwidth units are occupied:

Ek(λ) =
λk

k!

1 + λ + λ2

2! + · · · + λk

k!

. (2)

For dimensioning purposes (2) can be written in

the form of recurrence:

Ek(λ) =
λ
k · Ek−1(λ)

1 + λ
k · Ek−1(λ)

, (3)

k = 1, 2, . . . , E0(λ) = 1

The relation (3) is obtained by dividing upper

and lower parts of (2) by 1+λ+ λ2

2! + · · ·+ λk−1

(k−1)!

and using the definition of the Erlang–B formula.

The recursion (3) works with normalised values

Ek(λ) so its implementation does not suffer from

numerical problems such as overflow or loss of

precision that very often occur for large values

of k. It is especially important to avoid such

kinds of problems for future telecommunication

networks where optical fibres provide great in-

crease in number of channels that can be used

for transmission.

In this paper we describe an alternative scheme

for proving (3). This approach is quite simple

and can easily be generalized to a number of

multi-rate models. The general form of recur-

rence will be presented in Section 2 and a num-

ber of particular cases will be considered in Sec-

tion 3.

2 General case

Let us consider a model of a service system with

k service units. Let p(i) be the mean propor-

tion of time when exactly i service units are oc-

cupied. The main stationary performance mea-

sures of practical interest can be expressed as a

function of p(i), i = 0, 1, . . . , k. Let us by a pa-

rameter B denote a measure used for dimension-

ing. A traditional dimensioning problem related

with system planning is formulated as follows.

For given input flow, find a value of k satisfying

the inequality:

B ≤ π , (4)

where π is a prescribed level of system func-

tioning. Typically it will be the proportion of

calls lost or the proportion of time the system is

blocked for call servicing.

Usually only a limited number of p(i)’s are used

in estimation of B and the number of p(i)’s used

does not depend on the number of service units.

For example, if each call of the input flow needs

b units for its servicing then the proportion of

time the system is blocked for call servicing can

be estimated by the expression:

B = p(k − b + 1) + p(k − b + 2) + · · · + p(k) .

Later we suppose that estimation of B for the

traffic using k service units can be done by means

of probabilities p(k−b+1), p(k−b+2), . . . , p(k) ,

where b is some integer number independent of

k. Solving the problem formulated by inequality

(4) usually is going on according to the following

recursive scheme. Let us by P (i) denote unnor-

malised values of p(i), i = 0, 1, . . . , k, and sup-

pose that for i = 1, 2, . . . , k the following relation

is known for estimation of P (i):

P (i) = f(P (i−1), P (i−2), . . . , P (i−m))(5)
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In (5) m is an integer, P (0) = a and P (i) = 0 if

i < 0. We suppose that its value is independent

of the number of service units k. In some cases m

is just equal to the maximum number of service

units needed for call servicing. The function f(·)
depends on the parameters of the model. Spe-

cific types of the function f(·) will be presented

in the next section where we will consider ex-

amples of teletraffic models. The parameter a is

any positive real number chosen as starting value

of recurrence. Using (5) sequentially we can ex-

press all P (i), i = 1, 2, . . . , k , by P (0). Then we

find the normalising constant Q =
k∑

i=0
P (i) and

the normalised values of state probabilities:

p(i) =
P (i)
Q

, i = 0, 1, . . . , k . (6)

We suppose that for any choice of a we obtain

the same set of probabilities p(i), i = 0, 1, . . . , k ,

after normalisation. Next we calculate the per-

formance measure B used in criteria (4). If num-

ber of service units k does not satisfy (4), then

the value of k is increased and we repeat the de-

scribed actions once more.

The implementation of this procedure has at

least two negative aspects. They are clearly ob-

served for a large number of service units k. For

practically cases of interest almost all probabil-

ity mass is located in states with large number of

occupied service units. It means that states with

small number of occupied service units have very

small probabilities of existence. The state with

number of occupied service units equals to zero

has the smallest probability different from zero.

So when we start to express all P (i) through

P (0) we very quickly experience problems of

overflow. Another negative aspect is the increase

of computational efforts. To solve the formulated

dimensioning problem we need to perform a run

of (5) for each value of k serving as a candidate

for desired solution. Each time we need to start

calculation from i = 0.

Let us formulate a condition on implementation

of function f(·) where we can solve this prob-

lem in one run as was done by recurrence (3)

for service systems whose performance measures

numerically are estimated by means of Erlang’s

B-formula. First let us indicate when necessary

the number of available service units by using

lower index for the corresponding set of prob-

abilities. Let us suppose that for any k > 1

the implementation of recurrence (5) for num-

ber of service units k − 1 and k and the same

starting value gives sets of unnormalised proba-

bilities Pk−1(0) = a, Pk−1(1), . . ., Pk−1(k − 1),

and Pk(0) = a, Pk(1), . . . , Pk(k − 1), Pk(k)

satisfying the following relations:

Pk(i) = Pk−1(i) , i = 0, 1, . . . , k − 1. (7)

Property (7) allows us to rewrite recurrence (5)

in a form dealing with normalised probabilities.

Let us suppose that we know the normalised set

of probabilities pk−1(0), pk−1(1),. . . , pk−1(k− 1)

for number of service units k−1. Let us suppose

that the number of service units is increased by

one to k. Then taking as starting value Pk(0) =

pk−1(0) and applying (5) we obtain according to

property (7) the following set of unnormalised
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probabilities:

Pk(0) = pk−1(0), (8)

. . . . . .

Pk(k − 1) = pk−1(k − 1),

Pk(k) = f(pk−1(k − 1), . . . , pk−1(k − m)).

For normalised probability Pk(k) we have:

pk(k) =
Pk(k)

Pk(0) + · · · + Pk(k)
(9)

=
Pk(k)

pk−1(0) + · · · + pk−1(k − 1) + Pk(k)

=
Pk(k)

1 + Pk(k)
.

Using (8) we rewrite (9) in the form:

pk(k) (10)

=
f(pk−1(k − 1), . . . , pk−1(k − m))

1 + f(pk−1(k − 1), . . . , pk−1(k − m))
.

At this step we need to calculate the perfor-

mance measure B used for solving the dimen-

sioning problem. Because the number of service

units is increased by one we need to re-normalise

probabilities Pk(k − b + 1) = pk−1(k − b + 1),

Pk(k − b + 2) = pk−1(k − b + 2), . . ., Pk(k −
1) = pk−1(k − 1) , used for estimation of B (the

value pk(k) has already been obtained by relation

(10)). We can do this by means of equalities:

pk(i) (11)

=
pk−1(i)

1 + f(pk−1(k − 1), . . . , pk−1(k − b + 1))
,

i = k − b + 1, k − b + 2, . . . , k − 1.

If the obtained value of B satisfies criteria (4),

then the desired number of service units will be

k. Other ways it is necessary to increase the

number of service units k by one and to make

a new estimation of B for a number of service

units equal to k + 1. To perform this step we

need to have normalised values of Pk(k − 1) =

pk−1(k − 1), Pk(k − 2) = pk−1(k − 2), . . . ,

Pk(k−m) = pk−1(k−m) in order to use relation

(10) in right way. We can do this by means of

equality:

pk(i) (12)

=
pk−1(i)

1 + f(pk−1(k − 1), . . . , pk−1(k − m))
,

i = k − m,k − m + 1, . . . , k − 1.

It is clear that implementation of (11) and (12)

should be done once in the form:

pk(i) (13)

=
pk−1(i)

1 + f(pk−1(k − 1), . . . , pk−1(k − j))
,

i = k − j, k − j + 1, . . . k − 1,

where j = max(b − 1,m).

Computational efforts for current number of ser-

vice units k is estimated by the total number of

operations Nf that are needed for estimation of

function f(·) (once) with the number of opera-

tions NB that are needed for estimation of per-

formance measure B (once) and j +1 operations

of re-normalisation. So computational efforts to

reach number of service units k starting from 1

is estimated by O{(Nf +NB + j +1) k}. Storage

requirements are estimated by O{j + 1}.
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As result we have elaborated an approach that

can be used for constructing numerically stable

versions of recursive algorithms designed for esti-

mation of performance measures of different tele-

traffic models. The results obtained are based on

ideas from [2],[3]. If we compare the new algo-

rithm with other stable algorithms known in this

field [4],[5] we can conclude that the approach

presented gives the result after very simple and

obvious considerations. The approach can easily

be generalised to other models. It has the small-

est storage and computation requirement among

known stable algorithms. Another good feature

of the suggested approach is the possibility of in-

creasing the efficiency by truncation of the state

space used. Some aspects of implementation of

this idea are considered in [2].

Of practical interest is the problem of finding sta-

ble recurrence for a number of multi-rate models

that appear in the description of common shar-

ing of bandwidth by a number of connections. A

few results obtained in this direction will be pre-

sented in the next section, where we first look at

single-rate models.

3 Particular cases

3.1 Family of teletraffic models de-

scribed by finite birth and death

processes

Let us consider a system having k service units.

The time the model is staying in the state with

i occupied service units is exponentially dis-

tributed with parameter λi +µi. When this time

expires, then with probability λi/(λi + µi) the

number of occupied service units is increased by

one (birth) and the system moves into state i+1.

With probability µi/(λi + µi) the number of oc-

cupied service units is decreased by one (death)

and the system moves into state i − 1. Adding

necessary changes in boundary states (i = 0 and

i = k) we obtain the family of teletraffic mod-

els described by finite birth and death processes.

Among such models are finite source models and

other widely used teletraffic models.

Let us by p(i) denote the proportion of time

when exactly i service units are occupied. Us-

ing the system of state equations it is easy to

prove the relation

P (i) =
λi−1

µi
· P (i − 1), (14)

i = 1, 2, . . . , k, P (0) = 1,

which gives a specific type of the function f(·) (5)

for models described by finite birth and death

processes. Relation (10) for this case has the

form:

pk(k) =
λk−1

µk
· pk−1(k − 1)

1 + λk−1

µk
· pk−1(k − 1)

. (15)

This equality gives the classical recurrence for

Erlang’s B-formula (3) for λk−1 = λ, µk = k.

So we find the general framework for construct-

ing numerically stable recurrence formulæ for

solving problems of dimensioning in one run for

the family of teletraffic models described by fi-

nite birth and death processes. Storage require-

ments are O{1} and computational efforts are
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estimated by O{k}, if the performance measure

chosen is p(k), the proportion of time the system

spends in the state when all k accessible service

units are occupied.

3.2 Multi-rate Poissonian models

Let us consider a single link traffic model, where

the link transmission capacity is represented by

k basic bandwidth units, and let us suppose that

we have n incoming Poisson flows of calls with

intensities λs, s = 1, . . . , n. A call of s’th flow

uses bs bandwidth units for the time of connec-

tion. Without loss of generality we shall assume

that the holding times all are exponentially dis-

tributed with the same mean value chosen to one,

but it is known that the model considered is in-

sensitive to the distribution of the holding time,

and each flow may furthermore have individual

mean holding times.

Let is(t) denote the number of calls of the s’th

flow served at time t. The model is described by

an n-dimensional Markovian process of the type

r(t) = {i1(t), i2(t), . . . , in(t)} with state space

S consisting of vectors (i1, . . . , in), where is is

the number of calls of the s’th flow being served

by the link under stationary conditions. The

state space S is defined as follows: (i1, . . . , in) ∈
S, is ≥ 0 , s = 1, . . . , n ,

∑n
s=1 isbs ≤ k. Let us

by P (i1, . . . , in) denote the unnormalised values

of stationary probabilities of r(t). After normal-

isation the value p(i1, . . . , in) denotes the mean

proportion of time when exactly {i1, . . . , in} con-

nections are established. Assume that for state

(i1, . . . , in) the value i denotes the total number

of occupied bandwidth units i = i1b1+ · · ·+inbn.

The process of transmission of s’th flow is de-

scribed by blocking probability πs, s = 1, . . . , n.

Their formal definition through values of state

probabilities are as follows (here and further,

summations are for all states (i1, . . . , in) ∈ S sat-

isfying formulated condition, and by small char-

acters we denote the normalised values of state

probabilities):

πs =
∑

i+bs>k

p(i1, . . . , in). (16)

There are many algorithms for estimation of πs.

All of them are based on product form relations

valid for P (i1, . . . , in):

P (i1, . . . , in)

= P (0, . . . , 0) · λi1
1

i1!
· λi2

2

i2!
· . . . · λin

n

in!
,

(i1, . . . , in) ∈ S.

The most efficient calculation scheme for the

model introduced is the recurrence algorithm

first obtained in [6] and later also derived in

[7],[8]. This algorithm exploits the fact that the

performance measures (16) can be found if we

for process r(t) know probabilities p(i) of being

in the state where exactly i bandwidth units are

occupied:

p(i) =
∑

i1b1+···+inbn=i

p(i1, . . . , in) .

The corresponding formulas are as follows:

πs =
k∑

i=k−bs+1

p(i), s = 1, 2, . . . , n. (17)
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The unnormalised values of P (i) are found by

the recurrence:

P (i) =
1
i

n∑

s=1

λs bs P (i−bs) I(i−bs ≥ 0),(18)

i = 1, 2, . . . , k,

where we usually let P (0) = 1 and function I(·)
equals one if the formulated condition is fulfilled

and otherwise equals zero. This relation gives

specific type of function f(·) defined by (5) for

the model. Recurrence (10) in this case has the

form:

pk(k) (19)

=

1
k

n∑
s=1

λs bs pk−1(k−bs) I(k − bs ≥ 0)

1 + 1
k

n∑
s=1

λs bs pk−1(k−bs) I(k − bs ≥ 0)
.

A one–run algorithm that at each step gives the

normalised values of state probabilities which are

necessary for solving the problem of dimension-

ing based on (17) is obtained by means of (19)

and looks as follows:

Step 1. Put p0(0) = 1.

Step 2. For fixed k = 1, 2, . . . , find normalised

value of pk(k) by using relation (19)

pk(k) (20)

=

1
k

n∑
s=1

λs bs pk−1(k−bs) I(k − bs ≥ 0)

1 + 1
k

n∑
s=1

λs bs pk−1(k−bs) I(k − bs ≥ 0)
.

Step 3. Let b = max
0≤s≤n

(bs). To calculate the

normalised values of performance measures de-

fined by (17) for number of bandwidth units

equal to k and keep the possibility of perform-

ing the next step of recurrence we need the

renormalised values of pk−1(i) I(i ≥ 0), where

i = k−b+1, k−b+2, . . . , k−1 which were found

when number of bandwidth units was k − 1. We

do this by using (13):

pk(i) (21)

=
pk−1(i) I(i ≥ 0)

1 + 1
k

n∑
s=1

λs bs pk−1(k − bs) I(k − bs ≥ 0)
,

i = k − b + 1, k − b + 2, . . . , k − 1.

Step 4. Here we calculate the performance mea-

sures defined by (17), check the dimensioning cri-

teria and either stop or continue the process of

estimating the number of service units needed.

When implementing the constructed version of

recurrence algorithm we need to keep a vector of

size O{b} in computer memory. Computational

efforts are estimated by O{(n + b)k}.

3.3 Multi-rate state-dependent mod-

els

Let us consider a single link traffic model, where

the link transmission capacity is represented by

k basic bandwidth units, and let us suppose that

we have n incoming flows of calls. For s’th flow

{s = 1, . . . , n}, the time interval between suc-

cessive call arrivals has a state-dependent ex-

ponential distribution with parameter λs(is) =

αs + isβs, where is is the number of calls of the

s’th flow served by the link. A call of s’th flow

uses bs bandwidth units for the time of connec-

tion. Without loss of generality we shall assume
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that the holding times all are exponentially dis-

tributed with the same mean value chosen to one,

but it is known that the model considered is in-

sensitive to the distribution of the service time,

and that each flow may have individual mean

holding times.

Let us by is(t) denote the number of calls of the

s’th flow being served at time t. The model is

described by an n-dimensional Markovian pro-

cess of type r(t) = {i1(t), i2(t), . . . , in(t)} with

state space S consisting of vectors (i1, . . . , in),

where is is the number of calls of the s’th flow

served by the link under stationary conditions

which impose some restrictions on values of αs

and βs. The state space S is defined as follows:

(i1, . . . , in) ∈ S,

is ≥ 0, s = 1, . . . , n,
n∑

s=1

isbs ≤ k.

Let us denote by P (i1, . . . , in) the unnormalised

values of stationary probabilities of r(t). After

normalisation the value p(i1, . . . , in) denotes the

proportion of time when exactly (i1, . . . , in) con-

nections are established. Assume that for state

(i1, . . . , in) the value i denotes the total number

of occupied bandwidth units i = i1b1+ · · ·+inbn.

The process of transmission of the s’th flow is de-

scribed by time blocking probability πs and by

call blocking probability ωs, s = 1, . . . , n. Their

formal definition through values of state proba-

bilities are as follows (here and further summa-

tions are for all states (i1, . . . , in) ∈ S satisfying

formulated condition and by small characters we

denote the normalised values of state probabili-

ties):

πs =
∑

i+bs>k

p(i1, . . . , in) , (22)

ωs =

∑
i+bs>k

λs(is)P (i1, . . . , in)
∑

(i1,...,in)∈S

λs(is)P (i1, . . . , in)
.

This model like the previous one has product

form representation for P (i1, . . . , in):

P (i1, . . . , in) = P (0, . . . , 0) (23)

×

i1−1∏
m=0

(α1 + mβ1)

i1!
· . . . ·

in−1∏
m=0

(αn + mβn)

in!
.

Based on the property (23) a number of algo-

rithms are constructed for estimating the per-

formance measures (22). Let us formulate an

algorithm established on results from [9]. This

algorithm exploits the fact that the performance

measures (22) can be found if we for the pro-

cess r(t) know auxiliary characteristics defined

for the state where exactly i bandwidth units

are occupied:

p(i) =
∑

i1b1+···+inbn=i

p(i1, . . . , in) ,

ms(i) =
∑

i1b1+···+inbn=i

is · p(i1, . . . , in) .

The corresponding formulas are as follows:

πs =
k∑

i=k−bs+1

p(i), s = 1, 2, . . . , n , (24)

ωs =

k∑
i=k−bs+1

{αsp(i) + βsms(i)}
k∑

i=0
{αsp(i) + βsms(i)}

. (25)
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Let us introduce auxiliary characteristic:

ms,k =
k∑

i=0

βs ms(i) .

The unnormalised values of P (i) and Ms(i), s =

1, 2, . . . , n are found by recurrence:

P (i) =
1
i

n∑

s=1

bs Ms(i), (26)

i = 1, 2, . . . , k,

where

Ms(i) = I(i − bs ≥ 0)

×{αsP (i − bs) + βsMs(i − bs)},

with starting value P (0) = 1 and function I(·)
defined in the same way as for (18). This relation

gives the type of function f(·) defined by (5) for

studied model. Let us indicate when necessary

for Ms(i) or ms(i) the number of available service

units k by using lower index k. For example,

Ms,k(i) or ms,k(i). Let us define µs(k) as

µs(k) = I(k − bs ≥ 0)

×{αs bs pk−1(k − bs) + βs bs ms,k−1(k − bs)}

Recurrence (10) in this case has a form:

pk(k) =

1
k

n∑
s=1

µs(k)

1 + 1
k

n∑
s=1

µs(k)
. (27)

A one-run algorithm that gives at each step the

normalised values of the model’s characteristics

that are necessary for solving the dimensioning

problem based on performance measures (24) is

obtained by means of (27) and looks as follows.

Step 1. Let p0(0) = 1.

Step 2. For fixed k = 1, . . . , find normalised

value of pk(k) by using relation (27):

pk(k) =

1
k

n∑
s=1

µs(k)

1 + 1
k

n∑
s=1

µs(k)
. (28)

Step 3. Let b = max
0≤s≤n

(bs). To calculate the

normalised values of performance measures de-

fined by (24) for number of bandwidth units

equal to k and to have the possibility of per-

forming the next step of recurrence we need the

renormalised values of pk−1(i) I(i ≥ 0), where

i = k−b+1, k−b+2, . . . , k−1 and ms,k−1(i) I(i ≥ 0),

where i = k−b+1, k−b+2, . . . , k, which were found

when number of bandwidth units was k−1. We

do this by taking (13) into account. For the same

reason we need to re-normalise the characteris-

tic ms,k−1 which we need for calculation of the

normalised value of ωs. We have the following

relations:

pk(i) =
pk−1(i) I(i ≥ 0)

1 + 1
k

n∑
s=1

µs(k)
, (29)

i = k − b + 1, k − b + 2, . . . , k − 1,

ms,k(i) =
ms,k−1(i) I(i ≥ 0)

1 + 1
k

n∑
s=1

µs(k)
,

s = 1, 2, . . . , n; i = k − b + 1, k − b + 2, . . . , k,

ms,k =
ms,k−1

1 + 1
k

n∑
s=1

µs(k)
,

s = 1, . . . , n.
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Step 4. Here we calculate the performance mea-

sure defined by (24), check the dimensioning cri-

teria and either stop or continue the process of

estimating the desired number of service units.

When implementing the constructed version of

recurrence algorithm we need to keep a vector of

size O{b} in computer memory with computa-

tional efforts estimated by O{(n+b) k} if we only

use πs for solving dimensioning problem, and we

need to keep a vector of size O{n b} in computer

memory with computational efforts estimated by

O{n b k} if we use πs and ωs.

4 Conclusions

In this paper we describe the general frame-

work for constructing numerically stable ver-

sions of recursive algorithms designed for es-

timation of performance measures of different

teletraffic models. The results obtained are

based on ideas from [2],[3] and generalise for

multi-rate models the well known recurrence

Ek(λ) = λ
k Ek−1(λ)/{1 + λ

k Ek−1(λ)} , k =

1, 2, . . ., E0(λ) = 1, where Ek(λ) is the Erlang–B

formula for k servers with Poissonian input of in-

tensity λ. The fact that we at each step of recur-

rence are dealing with normalised values of state

probabilities used for estimation of main station-

ary performance measures is very well suited for

solving problems of dimensioning. In addition

to being numerically stable, the main positive

features of the suggested approach are its sim-

plicity and small storage requirements. Another

good feature is the possibility to increase the ef-

ficiency of recursive algorithm by truncation of

the state space used. Some aspects of realization

of this idea are considered in [2].
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